Abstract. The deformation spaces of the six orientable 3-dimensional flat Riemannian manifolds are studies. It is proved that the Teichmüller spaces are homeomorphic to the Euclidean spaces. To state more precisely, let Φ denote the holonomy group of the manifold. Then the Teichmüller space is homeomorphic to (1) R 6 if Φ is trivial, (2) R 4 if Φ is cyclic with order two, (3) R 2 if Φ is cyclic of order 3, 4 or 6, and (4) R 3 if Φ ∼ = Z2 × Z2.
Preliminaries
Let Isom(R n ) denote the group of isometries of the Euclidean space R n . So,
where O(n) is the n-dimensional orthogonal group. Isom(R n ) is a subgroup of the affine group
GL(n, R).
A subgroup Π of Isom(R n ) is said to be a crystallographic group if Π is cocompact and discrete. A torsion free crystallographic group is called a Bieberbach group. If Π is a Bieberbach group of dimension n, then the quotient space R n /Π is a Riemannian manifold of sectional curvature κ = 0. Conversely, a flat closed Riemannian manifold of dimension n is necessarily a quotient space of R n by a Bieberbach group of dimension n, see [4] .
In this paper, we focus on the 3-dimensional manifolds which are closed and Riemannian flat. We use the notation I for the isometry group Isom(R 3 ). So,
The following Bieberbach's second theorem is crucial for us. See [3] or [4] .
Theorem 1.1 (Bieberbach). Any isomorphism between two crystallographic groups is a conjugation by an element of the affine group.
There are only 10 affine diffeomorphism classes of connected closed 3-dimensional flat manifolds, six of which are orientable and the others are not. A Bieberbach group Π contains a unique maximal normal abelian subgroup Z 3 , fitting the following commutative diagram of groups with exact rows We shall investigate the various deformation spaces associated with closed 3-dimensional flat Riemannian manifolds. Firstly, the space of discrete representations, the Weil space, is defined as follows:
R(Π; I) = the space of all injective homomorphisms θ of Π into I such that θ(Π) is discrete in I and I/θ(Π) is compact.
If Π is a Bieberbach group, every element of R(Π; I) gives rise to a flat Riemannian manifold. Let θ, θ ∈ R(Π; I). If an affine map f : R 3 → R 3 conjugates θ(Π) into θ (Π), then it induces an affine diffeomorphism from R 3 /θ(Π) to R 3 /θ (Π). For g ∈ I, µ(g) denotes the conjugation by g. We denote the group of inner automorphisms of I by Inn(I). This group acts on the space R(Π; I) from the left by 
which is an isometry.
Spaces of discrete representation
The next theorem says that there are only six 3-dimensional orientable flat manifolds. 
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We need some notation. Let X be a 3 × 3 matrix whose column vectors are the x i (i = 1, 2, 3). Then X T X is symmetric of which the (i, j) entry is the inner product x i , x j of two vectors x i and x j . For subgroups H 1 , H 2 of G, we denote
Consider a 3 × 3 non-singular matrix A. Let X (A) be the space consisting of 3 × 3 invertible matrices by which the conjugates of A are orthogonal. That is
It is easy to see that 
Then R(Π; I)
Proof. Let θ 0 : Π → I be the embedding given in Theorem 2.1, and let θ ∈ R(Π; I). By Theorem 1.1, they are conjugate by an affine motion. That is, there exists an element ξ = (x, X) ∈ Aff(3) = R 3 GL(3, R) such that θ(Π) = ξ ·θ 0 (Π)·ξ −1 . So we need to find all elements ξ ∈ Aff(3) which conjugates θ 0 (Π) into I.
Note that the fact ξ · θ 0 (Π) · ξ −1 ⊂ I depends only on the matrix part of ξ. That is ξ · θ 0 (Π) · ξ −1 ⊂ I if and only if XΦX −1 ⊂ O(3), or equivalently, X ∈ X (Φ). Observe that X (Φ) is not a subgroup in general, but is a nice algebraic sub-variety of GL(3, R). Thus the space of all ξ ∈ Aff(3) which conjugates θ 0 (Π) into I is
for all (x, X) ∈ Π. Since Π contains a lattice Z 3 ⊂ R 3 (in fact, Π/Z 3 = Φ), the above equality for (x, X) = (z, I) for all z ∈ Z 3 ensures that D)(c, I ).
Therefore, (c, I)(x, X)(c, I)
for all (x, X) ∈ Π. This readily implies that Xc = c. Thus, c ∈ (R 3 ) Φ , the subspace of R 3 which is fixed by every element of Φ. Note that this is the centralizer C Aff(R 3 ) (θ 0 (Π)) of θ 0 (Π) in the group Aff(3). We can summarize this as follows: The group C = (R 3 ) Φ acts on R 3 X (Φ) on the right by
Note that (x, X) and (x, X) · (c, I) yield the same representation. More precisely, for any u ∈ θ 0 (Π),
µ((x, X) · (c, I))(u) = µ(x, X)(µ(c, I)(u)) = µ(x, X)(u)
because (c, I) centralizes θ 0 (Π). The space of representations is thus the orbit space of the action of ( We have to find the matrix X such that XAX −1 is orthogonal, which is equivalent to (X T X)A = A(X T X). This implies that two inner products x 1 , x 2 and x 1 , x 3 must be zero. Hence,
where R * means the set of all non-zero real numbers. Note that a 3-dimensional space O(3) and a 5-dimensional space R * × GL(2, R) intersects the common space Z 2 × O(2) which is 1-dimensional, and X (Φ) has 4-components. And so 
where a and b are nonzero real numbers. So the nonzero column vectors of X satisfies that x i ⊥ x j (i = j) and x 2 = x 3 . This implies that
The 3-dimensional spaces O(3) and
which is 1-dimensional, and the product has 4-components. Hence X (Φ) is 5-dimensional. As in the case of Φ = Z 2 , the centralizer
The holonomy group Φ = Z 2 × Z 2 is generated by
.
where (R * ) 3 is the diagonal matrices of non-zero determinant. The 3-dimensional spaces O(3) and (R * ) 3 have intersection (Z 2 ) 3 , consisting of all diagonal matrices with entries ±1. This space is 0-dimensional. And so X (Φ) is 6-dimensional. Clearly, the centralizer (R 3 ) Φ is trivial. In particular, the centralizers are 
